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I. Introduction

IN most of the stable control designs for flexible structures,
continuous time is assumed. Yet, it is well known that the

controller will be implemented by one or more on-line digital
computers; hence the discrete-time stability of such con-
trollers is an important consideration.

For example, it is known the direct-velocity feedback
(DVFB), i.e., negative feedback from collocated force ac-
tuators and velocity sensors, is a purely dissipative control law
and hence cannot produce residual mode instabilities when it
is designed for a reduced-order model of a structure.1'3
However, the stability results are only known for continuous
time; it is not immediately clear how much delay due to digital
implementation of DVFB can be tolerated without loss of
stability. In this Note, we will present some new results which
answer this question in the sense that bounds on the time-step
size will be given.

The class of distributed parameter systems, which includes
flexible structures, may be described by the following:

vt=Av+Bf V(0)=v0 (1)

where, for each positive time t, the (possibly vector- valued)
system state v ( t ) is in //, an appropriate Hilbert space with
inner product (.,.) and corresponding norm 11.11. The operator
A is a time-invariant differential operator whose domain
D(A) is dense in H. A generates a C0 semigroup U(t) on H
which is dissipative in the following sense:

-V (t>0) (2)

where M0>\ and a0>0 represents the total natural
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dissipation in the system. The input operator B has rank M
(i.e., M inputs) and the output operator C has rank P (i.e., P
outputs); these operators are determined by the type and
location of actuators and sensors.

II. Discrete-Time Stability of DVFB: Euler's Method
Suppose that the DVFB control law

f=-Qy (3)
where <2>0, is used in the distributed parameter system (1)
under the assumption of collocated force actuators and
velocity sensors, i.e., C=BT. This produces a closed-loop
system:

vt=Acv (4)

where AC=A-BQBT. Under certain conditions on A it is
known that the energy is dissipated from Eq. (4); hence, if
(A,B) is controllable, Eq. (4) is stable in continuous time.
However, the digital implementation of Eq. (3) would sample
and hold the sensor outputs over the time interval At to
produce the discrete-time DVFB control law

f ( k ) = -Qy(k) (5)

where f ( k ) is constant over (k +1)At<t<kAt. Consequently,
the closed-loop system at each time step behaves in the
following way:

v(k+l)=$cv(k) (6)

where $c = Uc (At) and Uc (At) is the semigroup generated by
Ac evaluated on the time step At. Although Eq. (4) is
guaranteed to be stable, we want to know how large A/ may
become without a loss of stability in the actual system.

We will assume for simplicity that dim v is finite. However,
much of the Lyapunov analysis that is carried out here may be
extended to infinite-dimensional systems if one is 'careful
about certain concepts; we leave such extensions for future
study.

As a first step, we assume that Euler's method of ap-
proximation of the time derivative is used:

t;(f+AQ-i;(0-
(7)

This is often exactly the approximation used in on-line
controller implementation. The Euler approximation causes
Eq. (6) to become

v(k+l)=v(k)+AtAcv(k) (8)

From the continuous-time analysis of DVFB, it is known that
Ac is stable. Therefore, given any positive definite Q, there is
a positive definite solution P to the Lyapunov equation

PAC+AJP+Q=0 (9)

For discrete- time stability we consider the Lyapunov function

and obtaining
AV=-At[Q-AtAT

cPAc] (10)

where AV= V(v(k+\))- V ( v ( k ) ) , we have the following
result.

Theorem 1. The discrete-time system Eq. (8) remains stable
as long as

WQ) (11)
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where X^ (B) is the largest eigenvalue of the positive definite
matrix B and similarly for Xmin \B).

Corollary. If Af satisfies

Xmin(Q)
Xmax(P)IUcF

(12)

then Eq. (11) is satisfied and Theorem 1 holds.
It is easy to see that Eq. (12) implies Eq. (11) and may be

easier to verify. The proof of Theorem 1 follows from the fact
that Eq. (11) guarantees the negative definiteness of the right-
hand side of Eq. (10) and use of standard Lyapunov theory.4
In particular, if Q is chosen as the identity then it will suffice
that

where P satisfies

In general, Q may be chosen to enlarge the range of values of
Af.

Although the result of Theorem 1 is not astounding, it does
start to give an indication of the acceptable time-step size for
stable digital implementation of DVFB. In the next section,
we will extend this idea considerably. Solving the Lyapunov
equation (9) can be done by most standard linear systems
computer packages.

III. Discrete-Time Stability
of Stable Continuous-Time Systems

Suppose that the closed-loop system (4) has been obtained
by any acceptable stabilizing controller (e.g., DVFB, Modern
Modal Control, etc.). Since the system Ac is continuous-time
stable/ then the Lyapunov equation (9) is satisfied for any
positive definite Q. Consider any discrete-time im-
plementation, Eq% (6), of the system (4) and determine the
acceptable time-step size Af.

Theorem 2. The discrete-time implementation (6) of the
continuous-time stable system (4) remains stable as long as the
time-step Af satisfies

(13)

(14)

where Tis the positive real root of the cubic equation

(aT+b)2T=c

where a=Mf, ft=L4 e l*, and o=Xmin(Q)/Xmax(P). Also,
T<(c/b2)\ i.e., A/ must be smaller than the bound in Eq.
(12). The constant Mc is defined in the proof.

The proof of Theorem 2 appears in the Appendix. The
cubic (14) can be solved for 7 once a, b, and c are known.

The above result gives a general condition under which
digital implementation of a stably controlled continuous-time
system will remain stable. Stability is not the only property
which may be lost under digital implementation; other issues
are discussed in Refs. 5 and 6.

IV. Conclusions
Stable feedback control of large space structures is essential

and most of the proposed control schemes address this issue.
However, the stability results are usually given in terms of
continuous time even though the actual implementation of the
controller will be in discrete time via digital computers. The
substance of this Note is that such control algorithms will
remain stable when implemented in discrete time under
certain restrictions on the size of the time step. Upper bounds
on the allowable time-step size are given in Theorems 1 and 2.
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Appendix: Proof of Theorem 2
From Ref. 7, we obtain

where

Take

V(v(k)\mtovT(k)Pv(k)
and obtain

&V=vT(k)Hv(k)

where

H=*Tp*c-P=-At[vT(k)QJv(k)-(At)2vT(k)Q2v(k)]

with

and

In order to make A V< 0, we must choose Af so that

2>0 (Al)

Note that Eq. (Al) is satisfied if

Xmin (Q! ) > (A02McXmax (P) (2\\AC\\ + AfMc) (A2)

Furthermore,

Xmin (Q! ) ^Xmin (Q) - Aflw (AT
CPAC)

>Xmin(e)-ArXmax(P)IUcIP (A3)

Therefore Eq. (Al) is satisfied if

OArtMAO (A4)

where

a=M b=\\Ac\\

Since AtT(At) is an increasing function of Af, in order to
satisfy Eq. (A4), we can take any 0< A/< r where 7 satisfies

c/T=(aT+b)2 (A5)

Finally we note that T<c/b2; if not, then T>c/b2 and, from
Eq.(A5),

which is impossible since a and c are positive.
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Introduction

THE subject of spacecraft attitude control using motor-
driven reaction wheels has received the attention of

numerous investigators due to the attractiveness of electricity
as opposed to expendable thruster fuel. The topics of special-
case, nonoptimal, large-angle maneuvers,1*2 fine-pointing
control,3-4 and optimal strategies for momentum de-
saturation5'7 have been widely studied. But the literature
contains few efforts (see Ref. 8 for one example) directed
toward the treatment of optimal, large-angle, arbitrary at-
titude maneuvers. The purpose of this Note is to begin the
examination of this problem class by considering the special
case of single-axis or slewing maneuvers.

The minimization of the energy consumed by the reaction
wheel motors is clearly a worthwhile goal. Although the
integral of power over the maneuver time would seem to be
the ideal performance^ index since it represents total
mechanical work, it does not yield a unique torque history.
Moreover, the total work criterion rewards braking, or
negative work, as much as it penalizes positive work. Hence,
the index treated herein is the integral of power squared over
time.

Minimum Power Formulation for Slewing Maneuvers
Consider the rigid-body configuration of Fig. 1, where £ de-

notes the principal axis about which the maneuver is to occur,
/ is the spacecraft mass moment of inertia about £, / is the
reaction wheel axial moment of inertial about _£, 0 and </> are
wheel and spacecraft inertia angular displacements, and u is
the motor torque exerted by the motor on the wheel. The
problem to be considered is the determination of u(t) such
that the performance index

P2dt 0)

(where P is power) is minimized while boundary conditions on
the spacecraft and wheel states at the initial and final times are

Received March 2,1982.
* Instructor, Department of Engineering Science and Mechanics.

Associate Member AIAA.
tAssociate Professor, Department of Engineering Science and

Mechanics. Member AIAA.

satisfied. The instantaneous power output of the motor is
equal to wO, where 0 is the angular velocity of the wheel
relative to the spacecraft.

It is convenient to express the integrand of Eq. (1) as a
function of the state variables <t> and 6. To that end, recognize
that

from which follows

«=[///</+/)]•(*-*) (3)
The incremental work done by the motor is

(4)

(5)

(6)

(7)

(8)

where
A=0-<£ A=0-0=Q A=0-<£

Substitution of Eq. (3) into Eq. (4) yields

dW= [IJ/(I+J) ] AdA= [///(/+/) ] AAdf

Now, since dW=Pdt, we are able to write the power P'as

so that Eq. (1) becomes

Application of the extended Euler-Lagrange equation

d /

results in the fourth-order ordinary differential equation

The lengthy analytical integration of Eq. (10) results in

-(K3/4)[Klt-K2}+K4

and
(lla)

(lib)

Reaction Wheel (J)

Spacecraft ( I )

Fig. 1 The spacecraft model.


